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1. Introduction and notation. In this paper the word "local" is used in at least 
three different meanings. Our aim is to study local Banach spaces of Frechet or other locally 
convex spaces, and it turns out that it is convenient to use the local theory of Banach spaces 
for this purpose. Recall that given a locally convex space E and a continuous seminorm p 
on E the completion of the normed space {E/ker{p),p) is a local Banach space of E, and 
it is denoted by Ep. If {pa)a^A is a system of seminorms defining the topology of E, then 
we call {Ep^)cieA a system of local Banach spaces. 

Valdivia proved in [V] that every infinite dimensional nuclear locally convex space E 
has for all separable infinite dimensional Banach spaces X a system of local Banach spaces 
isomorphic to X. In this paper we study Schwartz spaces and, consequently, compact linear 
operators in Banach spaces. We consider "dense" factorizations of operators in Banach 
spaces, i.e., factorizations T = T'^^)T^^\ T E L{X, Y), through Z such that T^^\X) d Z is 
dense. Assuming density is enough to guarantee a direct application to the study of local 
Banach spaces of locally convex spaces. 

In Section 2. we introduce a way to measure the distance of nonisomorphic Banach 
spaces, the so called local distance function. We prove general theorems (Theorems 2.8 
and 2.14) which show that a compact operator T on a separable refiexive Banach space X 
factors through a Banach space y in a strong sense (the image of X is dense in Y; both 
factors of the given operator are compact), if the distance oi X* and y* is small enough 
and some technical assumptions are satisfied. For example we show that an arbitrary 
compact operator on a separable £p-space X, 1 < p < cxd, factors through any separable 
£p-space Y in the above strong sense (Theorem 2.10). Consequently, if X and Y are such 
spaces, we see that a Schwartz space having a system of local Banach space isomorphic to 
X also has a system isomorphic to Y (Corollary 2.16). 

The concept of local distance function is also analyzed from the Banach space theoret- 
ical point of view. We show (Proposition 2.4) that there exist separable, refiexive Banach 



Mathematics subject classification: primary 46A05, secondary 46B20, 47A68 



1 



spaces which are in a sense very close to I2 but which do not have a Schauder basis. This 
result is a consequence of a construction of Szarek, [S] . 

Section 3 contains some more remarks on dense factorizations. The considerations in 
this section are technically easy, compared to Section 2, and the results are not so deep from 
the Banach-space theoretical point of view. But the consequences to the locally convex 
space theory are so strong that it is worthwhile to present the results in detail. In Theorem 
3.2 we show that if X is a separable Banach space with a complemented unconditional 
basic sequence, if Y and Z are Banach spaces, Z separable, and if T G L{X^ Y) is compact, 
then T factors through X x Z such that the image of X is dense in X x Z . Combining 
this observation with the results of Section 2 we see that a compact TgL (£2 ),l<?<oo, 
factors densely through any separable >Cp-space for 1 < p < 00. Another consequence of 
Theorem 3.2 is that a compact T e L{X) factors through Y x Z for an arbitrary separable 
Banach space Z, if the (uniform, see later) local distance of X* and Y* is small enough 
and if some technical assumptions are satisfied. 

In the second part of the paper, Section 4, we study some duality problems for local 
Banach spaces. The relations of the local Banach spaces of a locally convex space E and 
of the strong dual E'^ are not yet well understood in general. For example, it is an open 
problem whether, given a Prechet or a (I?-F)-space E with a system of local Banach spaces 
isomorphic to some Banach space X, E also has a fundamental system of Banach discs 
{Ba)aeA such that the corresponding Banach spaces Eb^ are isomorphic to X. We are 
not able to solve this problem here, but in Proposition 4.1 we generalize the known partial 
positive results, and in Proposition 4.6 we construct an example which can be considered 
as a partial negative solution. This construction uses an estimate (Lemma 4.2) of the 
absolute projection constant of a Banach space. The method used in the proof of this 
lemma may be new. 

We use mainly the terminology of [Kl], [LTl] and [TJ]. Let us however mention some 
notations and definitions. N stands for the set {1,2,3,...}. The closure of a set A is 
denoted by A. A subset ^ of a vector space is absolutely convex, if Yll^=i ^i^i ^ ^ 
all sequences (x^)^^^ C A and for all scalar sequences (A^) satisfying X]r=i l'^*! ^ 1- A 
closed, bounded and absolutely convex subset of a Frechet space is called a Banach disc. 
The vector spaces are over the real or complex scalar field unless otherwise stated. By a 
subspace we mean a linear subspace, by an operator a continuous linear operator, and by 
an isomorphism a linear homeomorphism. Two Banach spaces X and Y are C isomorphic, 
C > 1, if the Banach-Mazur distance d{X,Y) < C, where d{X,Y) := inf H-^H ||'(/;~"'^[|, i]j : 
X ^ Y isomorphism. A subspace X of a Banach space Y is C-complemented, if there 
exists a projection P from Y onto X with < C; the projection constant A(X, Y) is the 
number inf | P is a projection from X onto Y}. The absolute projection constant 

A(X) of a Banach space X is the supremum of X{Z, Y) over all Banach spaces Y containing 
a subspace Z isometric to X. 

For the definition of the bounded approximation property, (Schauder) basis and basis 
constant we refer to [LTl]. The definition and properties of £p-spaces can be found in 
[LT], Chapter 5, or in [TJ], §2. Type, cotype and the corresponding constants are defined 
in [TJ], §4. Some elementary facts on and definitions of tensor products, especially the 
projective tensor product, are mentioned in [TJ], §5 (or in [T]; for more details, see [J]), 
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and the real interpolation method is also presented in the same book, §3. 
Most of these definitions occur also in [J]. 

If X and Y arc Banach spaces we denote by Y) the space of bounded linear 

operators X ^ Y . If T G L[X, Y) is compact, we define the n:th approximation number 
an(T), neN, by 

an{T) := inf {||T - T„|| | e L(X, F), rank < n}. (1.1) 

Recall that a locally convex space is a Schwartz space, if for every continuous 
seminorm p there exists a continuous seminorm g, q > p, such that the canonical map- 
ping Eg Ep induced by the identity operator on E is compact. For other definitions 
concerning locally convex spaces we refer to [Kl] and [J]. 

Acknowledgements. I am very grateful to Jose Bonet for reading a preliminary 
version of the manuscript and for valuable remarks. I would like to thank Hans-Olav 
Tylli for many discussions on the subjects of this paper. I would also like to thank Mikael 
Lindstr5m for remarks and comments. 

2. Local distance function of Banach spaces with applications to compact 
operators and Schwartz spaces. The Banach-Mazur distance provides a natural way 
to measure differences of two isomorphic Banach spaces, but for nonisomorphic spaces 
the Banach-Mazur distance is not a finite number. In this section we introduce a way to 
measure the distance of nonisomorphic spaces, the so called local distance function. The 
local distance function is not a metric, since the "local distance" of two Banach spaces is 
a function, not a number. Some basic properties of local distance function are given in 
Remarks 1.-8. 

2.1. Definition. Let X and Y be Banach spaces and C > 1. The C-local distance 
function of X and Y is the function {C)—ld{X, F) : M — > M+ U {oo}, the value of which 
at n G N is the infimum of oo and all numbers f{n) G M"*" satisfying the following: If 
M G X and My C Y are at most n-dimensional subspaces, n G N, then there exist 
C-complemented finite dimensional subspaces N G X and Ny C Y, such that M C 
N, My C Ny, dim (iV) = dim (Ny) and 

d{N,Ny)<f{n). 

Let X, Y and C be as above and let K : N — > N be a non-decreasing function. The 
K-uniform C-local distance function of X and Y is the function {K,C)—ld{X,Y) : N 
M"'" U {cxo} the value of which at the point n G N is the infimum of oo and all numbers 
/(n) G M"*" satisfying the following condition: If M <Z X and My C Y are subspaces with 
dimension not greater than n, then there exist C-complemented subspaces N C X and 
Ny C Y containing M and My, respectively, such that dim (N) = dim (Ny) < K{n) and 
diN,Ny)<f{n). 

We call the C-local distance function just the local distance function, if C is clear 
from context or does not need to become specified. In the same way we speak about the 
uniform local distance function. 
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We say that the local distance (respectively, uniform local distance) of X and Y is 
bounded, if {C)—ld{X,Y) is a bounded function for some C (resp. {K^C)—ld{X^Y) is a 
bounded function for some C and K). 

We say that the local distance of X and Y is finite, if, for some C > 1, {C)—ld{X^ Y){n) 
is finite for all n. 

In the same way we define what means that the uniform local distance of X and Y is 
finite. 

2.2. Remarks. 1. It may happen that the local distance of X from itself is not 
finite. This is the case for the Banach space X constructed by Pisier, [Psl]: it has the 
property that all n-dimcnsional subspaces are not better than C\/n-complemented in X, 
where C is a constant depending on the space X only. In fact, the property that the local 
distance of X from itself is finite is equivalent to X being a 7r-space in the sense of [JRZ] . 
This property is stronger than the bounded approximation property. We refer to [JRZ], 
Proposition 1.1 and 1.2. 

2. It would also be possible to define another local distance function roughly speaking 
as the infimum of all functions fin) satisfying the following condition (X, Y and C as 
in Definition 2.1): Given finite dimensional subspaces M C X, My C Y there exist 
C-complemented subspaces N and Ny containing M and My, respectively, such that 
dim(7V) = dim(Ary) and such that d{N,Ny) < /(dim(7V)). We would get a distance 
function which would be easier to estimate for example in the case of Lp-spaces (cf. Remark 
6.). However, this function seems not to be so useful in considerations like Theorem 2.8. 

Omitting the space My in Definition 2.1 would lead to another concept of distance 
function. This distance function would not be symmetric with respect to X and Y. 

3. If X and Y are £p-spaces, then the uniform local distance of X and Y is bounded. 
This statement follows immediately from definitions and [PR], Corollary 2.1. We do not 
know, if the converse statement (" if X is a £p-space and the local distance of X and Y is 
bounded, then y is a £p-space") also holds. 

4. Let X (resp. Y) be a Banach space of type p (resp. p'). If the local distance 
of X and Y is bounded, then p = p'. Suppose by antithesis that I < p < p' < 2. 
By the Maurey-Pisier theorem, [TJ], Theorem 7.6, X contains a subspace M which is 
2-isomorphic to oo > k > {AC D)pp' /^p-p'\ where D = sup(C)-Zd(X, F)(n) and 

n 

C' = Tp/(y), the type p'-constant of Y . 

Let C 1" be any subspace which is D-isomorphic to a subspace of X containing M. 
Then we have for the type p'-constant of (see [TJ], (4.5), p. 15), 

Tp'{N) > D-^Tp>{M) > D-^k^'p'-^'P/2 > 2C', 

which contradicts Tp'{Y) = C. 

In the same way one shows that if the local distance of X and Y is bounded, then the 
spaces X and Y have the same cotype. 

5. It is a direct consequence of definitions that if {C)—ld{X,Y) is a bounded func- 
tion for some C, then X (resp. Y) is crudely finitely representable (and even strongly 
representable) in Y (resp. X). For the definition of these concepts, see [MS], 11.6 and 
[BDG]. 
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6. We show that if X (resp. Y) is an L^-space (resp. Lp/-space), 1 < p < < oo, 
then, for all £ > 0, for all n e N, 



where C = 1 + e and K{ri) = (2(n + 1)^/C(£))" and C(£) is a constant depending 
on e. Pelczyhski, Rosenthal and Kwapicn have shown ([PR], Theorem 2.1) that, given 
an 72-diniensional subspace M of an Lg-space, there exists a 1 + e-complemented sub- 
space N D M such that dim (N) < (2(n + 1)VC(£))" and rf(A^, 4'™ ^^^) < l + e/3. 
So, given n-dimensional subspaces M G X and My C Y, we choose /c-dimensional 
1 + £-complemented subspaces N D M, Ny D My such that k < (2(n + 1)^/C(e))", 
diN, 0<1 + s/3, d{Ny, e^,)<l + e/3. Then we have 



We do not know how sharp this estimate is. 

7. We do not know what is the relation of the local distance function of Banach spaces 
X and Y and on the other hand of the local distance function of the duals X* and Y*. 
This question should be compared with [LT], II. 5. 7 and 8, and [M]. The local distance 
function of X and Y gives direct information only on some quotients of X* and Y* . 

8. Let X be a weak Hilbert space in the sense of [Ps2]. If M C X is an n-dimensional 
subspace, then it is known that for a constant c depending on the space X only we have 
(i(M, £2) < clog(n + 1); see [Ps2], Corollary 2.5. According to some yet unpublished 
information Maurey has improved the result of Johnson and Pisier, [JP], showing that 
weak Hilbert spaces have the "linear uniform projection property". This means that given 
£ > and a finite-dimensional subspace M of X we can find a 1 + £-complemented 
subspace N containing M such that dim(A'") < cidim(M), where ci > depends on the 
space X and e only. 

Summing up the above statements we get for every £ > 



where C = 1 + £, -fC : N — > N is an asymptotically linear function depending on e and X, 
and the constant cq depends on the space X and e only. 

Proposition 2.4 below shows that the properties of Banach spaces with a "small" 
(but not bounded) local distance may be quite different. For this result we need to use a 
construction of Szarek. We begin with 

2.3. Lemma. For all n E N and all q, 2 < g < 00, there exists an n-dimensional 
subspace Y^ of the W-Banach space Lg such that 



{K, C)-ld{X,Y){n) < (l+£)(2(n+l)VC(£))"/^-"/^', 



(2.1) 



d{N,Ny) < {1 + e)k^/P-^/p' < (l + £)(2(n+l)VC(£))^/P-"/^''. 



{K, C)-ld{X, £2) (n) < Co log(n + 1), 



j,c(y-0F) > cn(V2)(i/2-i/,)^-i/2^ 



(2.2) 
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for an absolute constant c and for all normed spaces F satisfying the following: if M d F 
is an n-dimensional subspace, then (i(M, £3) < D. 

Here bc{X) denotes the basis constant of the Banach-space X . RecaU that X has a 
basis if and only if bc{X) is finite. 

This lemma is an important result of Szarek, see [S], Proposition 3.1. Now we can 
prove 



2.4. Proposition. Let / : N — > M"*" be a non-decreasing, unbounded function, 
/(I) > 3. For alls, < e < 1, there exists a separable reflexive M-Banach space X having 
no Schauder basis such that, for all n eN, 

{K,C)-ld{l2,X){n)<f{n), (2.3) 

where C = 1 + e and K is some function N — > N. 

The function K is specified in (2.13) below. 

Since X is refiexive, also the dual X* does not have a basis. 

Proof. We choose the sequences (n^)^!, Uk G N, and {qk)kLi-i 2 < < 00, as 

follows: Let qo = 4:, no = 1, and assume that k eN and that qt,nt are chosen ior t < k. 
We define q'f^,2 < q'^. < qk-i, such that 

< i + £/3 (2.4) 

and then > 2nfe_i such that 

fink) > kfiuk-i), n^/'"'/'^ > /(nfc_i)/2 (2.5) 
and, finally, qk, '2 < qu ^q'k such that 

^1/2-1/.. ^ fink-^)/2. (2.6) 

A useful refinement of this choice is described in Remark 2.5 below. 
We define 

00 

^ = (0n)^., (2.7) 

fc=l 

where := Y^^ and the spaces Y^^ are as in Lemma 2.3. We first show that (2.3) holds. 
So let n G N and let M C X, dim (M) < n. Let k e N be such that n^-i < n < Uk- We 
define the finite dimensional subspace N by 

^:=0^t0Q(M), (2.8) 

t<k 
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where Q is the natural projection from X onto Yf. Clearly, M C N. We show that N 

t>k 

is 1 + £-complemented in X. Let Qt be the natural projection from X onto Yt. Each space 
Qt{M) is at most nfc-dimensional. Since every Yt is, by definition, a subspace of -£'Qt(0, 1), 
we can use a result of Lewis, [L] , Corollary 4, to find for each t > k a. projection from 
Yt onto Qt{M) such that 

ll^tll <ni/'-'/^' < l + £/3. (2.9) 



Hence, there exists a projection Q from 0i>/j Yt <Z X onto 0^>;, Qt{M) such that 
IIQII < 1 + e/3. On the other hand, since dim {Qt{M)) < Uk for all t, we get, for t > k, 

d{Qt{M),£f'^ (^*^'^))) < nj^-'/"' < l + e/3, (2.10) 
see [L], Corollary 5. This means that 



d(0 Qt{M)Jf)<l + e/3 (2.11) 



t>k 



where m = dim (0 Qt{M)) G N U {oo}. Using the orthonormal projection in Hilbert 

t>k 

space we thus find a projection Q from Qt{M) onto Q{M) with \\Q\\ < 1 + e/3. Now 

t>k 

QQ is a projection from Yt onto Q{M) satisfying \\QQ\\ < 1 + £, and this means that 

t>k 

there exists a projection R from X onto with < 1 + £. 
We have 



^^((0 r,),„4"^+-+"'=^) <sup d(y„^^0 <sup n]'^-' 



t<k 



/it 

'H 

t<k t<k 



< /(nfc_i)/2 < f{n), (2.12) 
see (2.6). So, (2.11) and (2.12) imply d{N,ef'^ ^^^) < /(n). This proves the statement 

{C)-ld{Xj2){n)<f{n) 

for all n. 

From (2.8) we see that Uk < dim (A^) < dnt] so, this upper estimate for dim(A'^) 
depends only on dim (M) (see the choice of k) and we get 

rik < K{n) < 3nk (2.13) 

for nfc-i < n < Uk- This proves the uniform version of the estimate (2.3). 

The proof of [S], Proposition 4.1, with small modifications, shows that X does not 
have even a "local basis structure". In fact, to prove that X does not have a basis, it 
is sufficient to show that for all t e N large enough, the nt-dimensional subspaces Z of 



(0 Yk)i2 satisfy d{Z, i^^"^^^^) < /(nt_2)/2 (see Lemma 2.3); then we have, by (2.6) and 
(2.5) 

bc{X) = bc{Yt® (0 Yk)i,) 

k^t 

> V2c n;^/^)(^/^-^/^*V(nt-2)-^/^ 

= c/(n,_i) VV(n,_2)-^/^ > ctV2 oo. 

t — >oo 

Given M C (0 Yfe)^^, dim (M) = m, we have M C (0 Qfe(M))^2. We then get, 

kjtt kjtt 

analogously to (2.10) and (2.12), 

diQkiM),4'^ (Q''(^y^)<l + e 

for k > t, and 

diQkiMief^ (^'=(^») < nj/^^/^*- = /(n,_2)/2 
for k < t. This implies 

d(M,4'"' (^)) < rf(0Qfc(M),£^) < /(n,_2)/2. 



where m = dim (0 (5a;(-^))- ° 

We refer also to Remark 2.11 below. 

2.5. Remark. We show that given any non-decreasing unbounded functions ^ : N — > 
and /j. : N — > M+, /i(l) > 3, the function / and the sequence (n^) in the construction 
of the space X above can be chosen such that both of the following are satisfied: 

1° nk > g{k)nk-i for all /c e N, 

2° /(nfc) < h{nk-2) for aU /c e N, k> 2. 

Indeed, we set go = 4, no = 1 and /(I) = 3. We assume that k E N and that g^, 
are chosen for t < A; and f{n) is defined for n < Uk-i- We define g^, 2 < g^ < g^-i, such 
that 

^i/2-iM<;L + £/3 (2.4a) 
and then Uk such that rik > maix{2, g{k)}nk-i and such that 

h{nk)>{k + 2)h{nk-i), (2.5a) 

^1/2-1/,^ > /(nfe_i)/2. (2.56) 
Then we define (/(n) = 3 for no < n < ni, if /c = 1) 

/(n) = /i(nfe_2) (2.5c) 



8 



for Uk-i < n <nk and, finally, q^, < Qk Qk such that 

^1/2-1/,. ^ f{nk-i)/2. (2.6a) 

Note that (2.5a,c) imply 

f{nk) > kf{nk-i) (2.7a) 

for all k>3. 

So, in view of (2.4a), (2.5b), (2.6a) and (2.7a), none of the inequalities (2.4)-(2.6) 
is changed because of these extra requirements (except (2.5) for k < 2, but this does not 
matter), and hence Proposition 2.4 holds also for the function / and the space X satisfying 
1° and 2°. 



Our main application of local distance function is a result which says that a compact 
operator T G L{X) factors in a "strong" sense through Y if {K, C)—ld{X* ,Y*) is small 
enough. We begin with a lemma which is in principle known; compare [LT], Proposition 
II.5.10. 

2.6. Lemma. Let X and Y be reflexive Banach spaces such that [K, C)—ld{X*, Y*) 
is a finite function for some C > 1 and some K : N ^ N. Let Ci > C > 1. Given 
Ci-complemented subspaces M G X, My C Y, < dim (M) = dim {My) =: n < oo, 
projections P (resp. Py ) from X onto M, < Ci (resp. from Y onto My, \\Py\\ < Ci) 
and m,-codimensional, m e N, closed subspaces Xq C X and Yq C Y, there exist C- 
complemented subspaces N G X, Ny C Y satisfying the following 

1° dim (A^) = dim (Ny) < K{n + m), 

2° M CN, My C Ny, 

3° there exist projections Q from X onto N and Qy from Y onto Ny such that 

PQ = P, PyQy = Py, 

(idx - Q){X) C Xo, {idy - Qy)(Y) C Yo, 

and WQW < Ci{C + 2), < Ci{C + 2) 

4° d{N,Ny) < Cf{C + 2)^{K,C)-ld{X* ,Y*){n + m). 

Proof. Let M := P*{X*) C X*, My P^{Y*) C Y*, M := X^ C X* and 
My := Yq^ cY*. We have dim (M) = dim (My) = n, dim (M) = dim (My) = m. 
By the assumption on the local distance function of X* and Y* we find C-complemented 
subspaces N C X* and Ny C Y* such that 

M + M G N, My + My C Ny, (2.14) 

dim (N) = dim (Ny) < K{n + m) and d{N,Ny) < {1 + e){K,C)-ld{X* ,Y*){n + m), 
where £ > is such that (1 + e){CCi + Ci + Cf < Cf{C + 2f . Let Q and Qy be 
projections from X* onto and Y* onto Ny , respectively with norm not greater than C. 
We define 

Q := Q + P* - P*Q, Qy := Qy + Py - PyQy. (2.15) 
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Then it is elementary to see, using (2.14) that, Q is a projection from X* onto N which 
commutes with P* and satisfies \\Q\\ < CCi + Ci + C < Ci(C + 2). The same holds for 
Qy with respect to Y*,Ny and Py- 

Finally, we define using refiexivity the projections Q :— Q*, Qy '■— Qy the 
subspaces N := Q{X) and Ny QyIy). To see that M C iV let a; e M and ^/ G X*. 
Then, by (2.14) and the commutativity of P* and Q*, 

{Qx,y) = {QPx,y)^{x,P*Q''y) 
= {x,Q*P*y) = {x,P*y) = {Px,y) 

= {x,y)- 

Hence, Qx = x for all x G M, which means that M G N. Concerning the property 3°, the 
relation PQ — P follows from definitions. Let us prove that (idx —Q){X) C Xq. If a; G X 
andy e X^ = M G N G X*, then 

{{idx - Q)x, y) = {x,y- Qy) = {x,y-y) = 0, 

since Q is a projection onto N. This implies the statement. The norm estimate in 3° 
follows from (2.15). 

Clearly, the statements for Ny etc. are proved in the same way. 

The distance estimate 4° follows from d{N*,N) < CCi + Ci + C, d{Np,Ny) < 
CCi +Ci + C and d{N, Ny) < (1 + £){K, C)-ld{X% F*)(n + m) and from the choice of 
e. □ 

The main difficulty in applying our method is the following. We have finite dimen- 
sional subspaces M, Mi, Mi C M, and N,Ni, Ni G N, of the Banach spaces X and 
Y, respectively, such that d{M,N) and d{Mi,Ni) are quite small and such that all the 
subspaces are quite well complemented. However, we do not in general know if d{M2,N2) 
is small enough for all "good" complements M2 and N2 of Mi and A^i in M and N, re- 
spectively. So, we give our theorem in two versions. In the first one we make assumptions 
on the spaces X and Y which enable us to avoid the difficulty mentioned above. We 
will assume that given a Banach space X the following property is satisfied for a suitable 
non-decreasing function /x : N — > which will be given later: 

(D) There exist constants d{X) > and D{X) > such that for each n-dimensional 
c-complemented subspace M G X and projection P from X onto M with \ \P\\ < c there 
exist an n-dimensional subspace N and a projection Q from X onto N such that 

1° MniV = {0}, 

2° \\Q\\<D{xy(^^ 

3° PQ^QP = 

4° d{M,N)<fx{n). 

It is not difficult to see that for example the refiexive separable £p-spaces satisfy this 
property with a constant function fx and d{X) — 2. Namely, assume that X is a separable 
£p,A-space, 1 < p < 00, A > 1, and that M C X is finite dimensional and that P is a 
projection from X onto M. There exists a subspace Mi D M such that d{Mi,£'^) < A, 
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where m = dim(Mi); let : Mi — > be an isomorphism with 1 1(/>| 1 1 1(/>~''^| | < A. It is 
known that X is A-isomorphic to a subspace of Lp(0, 1) (see [LP], Corollary 7.2). On 
the other hand, every infinite dimensional subspace of Lp(0, 1) which is not isomorphic to 
£2 contains, say, a 3-complemented subspace 2-isomorphic to £p (see [KP], the proof of 
Theorem 2 and Theorem 3, and [LTl], Proposition l.a.9). So, in view of these remarks 
ker(P) contains a subspace Y which is 3A-complemented in X and 2 A-isomorphic to £p . 
Let t/j : Y ^ £p he an isomorphism with ||'*/'||||V-'"^II ^ 2 A. Let Iq be the natural embedding 
of £'^ into £p and let Rq be the canonical projection from £p onto Io{£^), \\Io\\ = \\Ro\\ = 1- 
Now N = ^p-^IocpiM) is a subspace oiY C X satisfying MnN = {0}, d{M, N) < 2\^, 
and the projection 

Q = i^-^h(i)P(i>-^I^^Roi^Riidx - P), 

where i? is a projection from X onto Y with \\R\\ < 3A, satisfies Q{X) = N, PQ = QP = 0, 
IIQII <12||PfA3. 

Moreover, if the space X is such that for a constant C > 1, given a finite codimensional 
closed subspace y of X there exists a C-complemented subspace Z which is C-isomorphic 
to Z, then (D) is satisfied: given M G X and the projection P from X onto we take 
Y = (idx — P)iX) and apply the isomorphy of Z and X to find N analogously to the 
case of £p-spaces. Furthermore, in Theorem 2.8 it is often sufficient that a priori only one 
of the given Banach-spaces satisfy (D) in full strength. This fits well to the philosophy 
that Theorem 2.8 is applicable to "small perturbations" of "regular" Banach-spaces; see 
Remark 2.11 below. 

2.8. Theorem. Let X and Y be separable, reflexive Banach spaces such that 
{K,C)-ld{X\Y*) is Gnite for some C > 1 and K : N ^ N, and let T e L{X) be 
compact. Choose the sequence (mfc)^o such that mo = 2, m.k > K[4m,k-i + 2) + 1 for 
A; e N . Assume that for some constants 0<q;<1/4, 0</3<l/4 and C > the spaces 
X and Y have property (D) with fx, fy such that for all k eN 

fx{n) < C"(a„,_,(r))-",for n < ruk+i 

frin) < C"(a^,_,(T))-^,for n < m^+i, (2.16) 
and assume that for all k eN the inequality 

{K,C)-ld{X* ,Y*){4mk+i) < C"/c-^/4C(/c + 2)-^a„,(T)(-l+^™^"{"'^»/^ (2.17) 

where C{k) := {AD{C + 3))('^+i)^' and d = max{rf(X), rf(y), 1}, D = inaj^{D{X),D(Y)} 
(see property (D)), holds. Then T = T^^)t^^\ where T^^) e L{X,Y), T^^) g L{Y,X) and 
T^^\X) is dense in Y. Moreover, both T^^^ and T^^^ are compact. 

Note that the assumptions on X and Y are symmetric so that the factorization applies 
as well to compact operators in Y. 

Proof. It is not a restriction to assume that an{T) < 1 for all n. 

Let for each n e N, n > 1, the operator T„ e L{X) be such that rank (T„) < n and 

\\T-Tn\\<2an{T). (2.18) 
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Let (Y"fc)^g be a decreasing sequence of closed, finite codimensional subspaces of Y satis- 
fying 

k 

codim (Yfc) = codim ker (T^J). 

t=o 

Let {xn)'^^i C X and (j/n)^i C y be sequences of non zero elements such that sp (a;„) C 
X and sp C Y are dense. 

We choose the sequences (Mfe)^^, (Mfc)^^, (A^fc)^i, (^)fcli of finite dimensional 
subspaces of X or y by an inductive method as follows. We set Mq = Mq = Nq = Nq = 
{0}, Po = Po = <5o = Qo = 0. Assume that A; e N and that C X, C X, iV„ C 
y, Nn C y and the projections Pn from X onto (respectively, : X — > M„, Qn : 
y — > A^„, Qn : y — ^ -/V^) are chosen for < n < A; such that the following holds: 
1° Mrr-i + C M^, Nrr-i + Nn-1 C A^, for all 1 < ?1< fc, 

2° < C(n), IIP^II < C{n), \\QJ < C{n), \\Q^\\ < C{n), for all n < \ 

3° Pn commutes with P^-i and Pn-i-, and Qn commutes with Qn-i and Qn-i 
for all 1 < n < fc, 

n-l 

4° (idx - Pn)(A) C n ker (T^J, (idy - Qn){Y) C y^-i for aU 1 < n < /c, 
5° 

d(Mn, Nn) < 16C{nf{K, C)-ld{X\ y*)(4mn-i) for 1 < n < /c, 

6° PnPn = PnPn = QnQn = QnQn = for aU n< k, 

7° Xn e M„, Un e Nn for aU 1 < n < /c, 

8° dim(Mn) = dim(Mn) = dim(iVn) = dim(An) < rUn for all n. 

An application of Lemma 2.6 yields the same for n < k; more specifically, we take 

k — l 

M = Mk-i + Mfc-i, My = Afe_i + Nk-i, ^0=0 ker (T^J, yo = y^-i, and for the 

t=o 

projections P and Py we take Pk-i + Pk-i and Qk-i + Qk-i, respectively. Then we use 
Lemma 2.6 and first get the spaces := A, A^ := Ay and the projections Pk = Q and 
= with the properties 1° - 4° of the lemma (e.g. ||Pfe|| < 2C{k - 1)(C + 2) by 
2° above). Note that, by Lemma 2.6, Pfc and Pk-i + -Pfe-i commute. Since Pk-iPk-i = 
Pk-iPk-i = 0, we see that 

Pfe_iPfe = Pk-i{Pk-i + Pk-i)Pk = Pk-iPk{Pk-i + Pk-i) 

= Pk-iiPk-i + Pk-i) = Pk-i (2.19) 

which means that also Pk-i and Pki and, similarly, Pk-i and Pk-, Qk-i and Qk, as well as, 
Qk-i and Qfc, commute. 

We choose the smallest n (resp. m) such that Xn ^ M/c (resp. ym ^ ^k) and denote 
a;^'^) := a;„ (resp. y^^^ := y^). We have (idx - Pk)x^^^ ¥^ and (idy - Qk)y^''^ ¥^ 0. 
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Let Rx and Ry be projections from (idx — Pk){X) onto sp ((idx — Pk)^^^^) and from 
(idy — onto sp ((idy — Qk)y'^^^)i respectively, with norm one. We define 

Pk^Pk + Rx{idx - Pk), Qk = Qk + Rriidy - Qk) 

and Mk = Pfc(X), iVfc = Qk{Y). Then clearly 

i) Pfc commutes with and commutes with Q^, 

ii) llPfell <2||Pfe|| + l, IIQfell <2||Qfe|| + l. 

Now 1° above holds for n < k. The property 2° for and Qfe follows from Lemma 

2.6: 

lli'fell < 2||Pfe|| + 1 < 4C(/e - 1)(C + 2) + L (2.20) 
To verify 3° we have, by (2.19) and i) 

Pk-iPk = Pk-iPkPk = Pk-iPk = Pk-i = PkPk-i 
The same reasoning proves the other cases, too. Concerning 4°, we have for a; e X 

(idx - -Pfe)(idx - Pk)x = X - PkX - PkX + PkPkX = {idx - Pk)x, 

SO that {idx — Pk)x G (idx — Pk){X) C f] ker (T^J, by the choice of Pk- Similar proofs 

t=o 

in Y show that 3° and 4° hold. 

The distance estimate for d{Mk, N}^) in 5° follows from Lemma 2.6 and the definitions 
above; note that the Hahn-Banach-theorem implies the existence of decompositions = 
Mk®M^^\ Nk = Nk®N^^\ where dim(M('=)) = dim(iV('=)) = 1, such that the norms of the 
corresponding projections do not exceed 2. This again implies d{Mk,Nk) < 16(i(M/s, iVfc), 
and 4° of Lemma 2.6 can be applied to estimate d{Mk, Nk)- 

We use the assumption on the property (D) of the spaces X and Y and (2.20) to find 
spaces Mk and N^., and projections Pk and Qk satisfying the properties 2°, 5° and 6°. It 
is clear that also 7° is satisfied. The property 8° follows from definitions. 

We denote P^ = Pk + Pk and Q'j^ = Qk + Qk ^or all k. It is easy to see that 
Pk-iPk = PkPk-i = Pk-v and similarly for Q+ , hold. 

For all k we denote by ipk '■ Mk Nk an isomorphism satisfying 

ll^fcll <2(i(Mfc,iVfc)V2^ \\tl;-^\\<d{Mk,Nky/^ 

and by ak : Mk — > Mk and : A^fc — > Nk isomorphisms satisfying 

\\ak\\ < 2d{Mk,Mky/^ lla^i < d{Mk,MkY^^, 

WkW < 2d{Nk,NkV^^ WPk^W < d{Nk,Nkf'\ 
We define for all /c G N the isomorphisms $fc : Mk® Mk ^ Nk® Nk, 

^k-x + y^ PkipkX + ipkO^k^y, 
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where x e M/,, y e M^. We have 

{x + y) = akip-^x + V'fc Vfc V, 

where x e A^^, y e Nk^ cind 

ll^fcll < 4C(A;)d(Mfe, Nk)^/\d{Mk, Muf'^ + d(Arfc, iVfe)^/^), 

ll^fc'll <2C{k)d{Mk,NkY/\d{Mk,MkY''' + d{Nk,NkY'''). 

Let k > 2. Note that $fc(Affc-i © -^fc-i) C Nk and that there exists a projection from 
iVfc © Nk onto $fc(Mfc_i © Mk-i) such that < 16C{k)^d{Mk, Nk){d{Mk, Mk^/^ + 

d{Nk,NkY/'^f\ we can take 

Rk = ^kPLi^k'- (2-21) 

Moreover, for k > 2 there exists an isomorphism 7^ from A^^-i © -^fc-i onto $fc(M/j_i © 
Mfe_i) such that both \\^k\\ and ||7^^|| are not greater than 

8C{kfd{Mk, Nky/\d{Mk, Mk)'/^ + d{Nk, iVfe)i/2)d(Mfc_i, iVfe_i)i/2 

x{d{Mk-i, Mk-if'^ + d{Nk-uNk-if'^); 

we can take 

Ik = ^fc^fcii- (2.22) 

We define 

00 

:= c(/c)((idy - g+_i) + 7fcg+_i)$fc(P+ - P+_i)a;, (2.23) 

where P(+ = 0, 71 = 0, a; e X and c(l) = 1, c(/c) = k-^/'^\\-fk\\~^^k\\~^C{k)-'^ for /c> 1, 
and 

00 

T^^^x = J2 c{k)-'T^^\{idY - Rk) + lk^Rk){Qt - Qt-i>, (2.24) 

where a; e y, Qq" = and i?i = 0. It is a direct consequence of the choice of c{k) that (2.23) 
converges absolutely in Y for all x, and that T*^^^ is a bounded operator. The convergence 
of the series determined by the right- hand side of (2.23) is even absolute in L{X, Y) so 
that T(^) is compact. 

We prove the same for T^'^\ Let k>2. We have for all a; e y 

RkQU^x = ^kPti^k^Qt-i^ = 0' (2-25) 

since ^^^Qt-i^ ^ ^k (see also 6° and 3°). Moreover, for x e Nk® Nk, 

Qt-iRkX = 0, (2.26) 
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since RkX e Nk- So, denoting y{x) := ((id^ - Rk) + Ik ^^k){Qt ~ Qt-i)^ x eY,we 
get 

= ^I'Rkik'MQt - Qt-i)^ 

= ^^'RkQt-i%'Rk{Qt - Qt-i)^ = 0, (2.27) 
by (2.25), since 7^^2; e Nk-i ® Nk-i for all z e Rk{Nk ® Nk)- Clearly, (2.27) implies 

^^\{idY - Rk) + %'Rk){Qt - Qt-i)iY) C (P+ - P+_,){X) (2.28) 

k—2 

for all k>2. On the other hand, (P+ - P+_i)(X) C (idx - Pfe-i)(X) C f] ker (T^J, 
by the properties 3°, 4° and 6° above. Hence, for all x 

Zk{x) := $fe^((idr - Rk)+lk'Rk){Qt - Ql-i)x e ker (T^,_J. (2.29) 
So, we have by 5° for all /c > 2 

c{k)-'\\Tzk{x)\\ = c{k)-^\\{T - Tm,_,)zk{x)\\ 
<2k^'^C{k)^\\T-T^,_M^km-'n^ 

< 2'^k'/'C{k)''am,_,{T)d{Mk, Nk)MMk, Mk)'/' + d{Nk, Nk)'/')'\\x\\ 

note that we have normalized an{T) < 1 for all n. The inequality (2.17), combined with 
(2.30) now implies 

\\c{k)-^Tzkix)\\ < 2^^\-^/^C"^\\x\\ 

for k >2. The constants here do not depend on k, so we see that (2.30) converges for all x 
and defines a bounded operator T. The same inequality even shows that the convergence 
is absolute in L{Y,X). Hence, also T^'^^ is compact. 

We show that T = T^^^T'^^) . A direct calculation using ^kQt-i C (idy - Ql_^){Y) 
shows that for all A;, t e N and for all a; e X 

(g+ - g+ i)((idy - Qt^,) + ikQt-i)MPk - Pk-i)^ 

= SktiiidY - Qt-i) + lkQt_,)MPk - Pk-i)^- (2-31) 

Hence, for a; G X, 

oo 

T(2)t(i)x = Yl c{k)-^c{k)T^-\{idY - Rk) 

k=l 
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+ %'Rkmdy - Q+_,) + ikQt-i)^k{Pt - PLi> 

oo 



fe=i 



+ RkQt-i + 7fc ^^?fc(idy - + (idy - RkhkQt-i 

+ lk'RklkQt-i)MPk - Pk-i)^- (2-32) 
In view of (2.25) this is equal to 



J2 T^k\^dy-Rk-Qt-i+ik'Rk + ikQt-i 

k=l 

- RkikQt-i + ik'ikQt-i)^k{P^ - P^.^)x 

oo 

= J2 T<^k\^^y -Rk + %'Rk)^k{P^ - (2.33) 

But we have 

RkMP^ - Pti)^ = ^kP^-i^'^kiP^ - Pt,)x = ^kPtiiPk - Pk-i> = 0, 

so that we finaUy get, using (2.32) and (2.33) 

oo 

T(2)T(i)x = J2 nP^ - Pk-i)^^ (2-34) 

fc=i 

where Pq*" = 0. Note that, as a consequence of the absolute convergence of the scries 

(2.23) and (2.24), we have absolutely convergent series in our calculations (2.32), (2.33) 

and (2.34). So, (2.34) implies T^'^'^T^^^x = Tx for x in arbitrary Mk] now [J Mu = X 

k 

implies this for all x. 

Finally, we show that T*^^^ (X) C y is dense. To this end it is enough to show that C 
T^^\X); see the choice of and {yk)kLi above. So, assume that y E {Q^ — Q^_i)(l^). 
We define 

X := '((idr - Rk)y + lu^RkV)- 
We have clearly x e P^{X), and, moreover, 

Pk-i^ = ^k\^kP^-i^k'y - ^kPti^k'RkV) + Pti^u'lk^RkV = 0, (2.35) 
since ^kPu-i^k^ — Pk and since 

^k'^k'Pkiy) e Mk. 
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So, c{k)-'^x e (P^ -P/_J(X), and we get, by (2.23), (2.26), by an analogue of (2.31) and 
by the assumption Q^_iy = 0, 

T('^c{k)-'x = {{idy - g+_i) + 7fcQti)((idr - Rk)y + lu^RkV) 

= y- Qt-iV - RkV + Qk-iRkV + ikQt-iV 

- ikQt-iRkV + ik^RkV - Qt-iik^RkV + ikQt-iik^RkV 

= y- RkV + ik^RkV - ik^RkV + RkV = y- 

This completes the proof for the density of T(^^(X) and hence, for Theorem 2.8. □ 

The formulation of Theorem 2.8 looks quite technical, so it is useful to consider some 
simple numerical examples. 

1°. First note that to get an increasing sequence 

(k-^/^C{k + 2)-5a^,(T)(-i+4™^^^«'^»/4)~ 

\ / k=l 

in (2.17) it is always necessary to choose the sequence (m^) such that, roughly speaking, 
at least 

holds for large k. To be more exact, if for example {amk+i{T))~^ < {amk{T))~^ for all k, 
we have 

Cik + 2)-'amdT)-' <4-^'+'^'"amo{T)-'''' ^0, 

as A; — > oo, and in this case (2.17) cannot be satisfied. 

2°. Let T e L{X) be compact and an{T) = n'^ for some c> 0. Now (2.17) holds, 
provided for some £ > and 7 > 

{K,C)-ld{X\Y*){n} < (log (n))'^(l-4«iax{a,/3})/4-e 

and K{n) < e^" for all n. (We choose ruk+i = e^(4mfe+2) ^ 

3°. If d = 1, a„(T) = (log n)-^, then (2.17) holds provided 

{K,C)-ld{X*,Y*){n) < (log (n))(l-4max{a,/3})/8 

for some c > and K{n) < n*^; we choose ruk+i = {IrrikY 1 where 

c' = (C + AD{C + 3))40/(l-4max{a,/3})_ 

We get 

{K,C)-ld{X\Y*){Amk+i) < (log(4mfc+i))(i-4™^-{«'^»/8 
< (28c'log(mfe))(^-^'"^"^'*'^>^/^ 
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so that 



(2.36) 

for a constant cq > 0. Using nik > w^-i recursively we get > uiq , and combining 
this with (2.36) imphes 

2((K,C)-Zd(X*,r*)(4mfc+i))-ia^,(T)(-i+4-^^{«'^»/4 

> coc"=(i-^'"^"{«'^»/« > co(c + AD{C + 3))^^ 
Hence, in view of the definition of C{k) and d = 1 we see that (2.17) holds. 

Clearly, Theorem 2.8 is in some cases far from being a necessary condition for fac- 
torization. For example in the case of a diagonal operator T on £p, Te„ = XnCn, where 
(cn)^! is the canonical basis and (An)^i tends to 0, the operators connected with the 
numbers an{T) can be chosen such that the spaces Tn{£p) are 1-complemented £p-spaces, 
and consequently, the uniformity function K is not always needed. On the other hand in 
the case of general operators we do not know how to cope without the uniformity function. 

2.9. Lemma. Let X and Y be separable reflexive Banach spaces. Assume that both 
of them satisfy property (D) with constant functions fx and /y , and that the uniform local 
distance of X* and Y* is bounded. Then X and Y satisfy the assumptions of Theorem 
2.8 for an arbitrary compact T e L{X). 

To prove this we only need to choose the sequence (mfc) in Theorem 2.8 so rapidly 
increasing that the right hand side of (2.17) is for all A; G N larger than a constant (=the 
uniform local distance of X* and Y*) 

2.10. Theorem. Let X and Y be separable Cp-spaces, 1 < p < oo. Then an 
arbitrary compact T G L{X) factors through Y asT = T^'^^T^-^^ such that the image of X 
in Y is dense and such that both T^^^ and T^'^^ are compact. 

Proof. We refer to Lemma 2.9 and the considerations after the definition of property 
(D) and Remark 2.2,3°. □ 

2.11. Remark. We show that if T G L{£2) is compact, then £2 and the dual X* 
of a suitably chosen space X of Proposition 2.4 (with e = 1/2) satisfy the assumptions of 
Theorem 2.8 with d{X*) = 1, D{X*) = 4, a = 0, /? = 1/8 and rrik+i = K(4mfc + 2) + l. The 
consideration below is just to show that Theorem 2.8 is applicable to various situations. 
The conclusion. Corollary 2.12 itself has also a simpler proof, see Corollary 3.10. However, 
see also the remark after Corollary 2.12. 

We first show that there exists a function / : N ^ N and a choice of numbers n/- 
in the construction of the space X of Proposition 2.4 such that {K,C)—ld{£2, X**) = 
{K,C)—ld{£2, X) satisfies (2.17). Our aim is to use Remark 2.5. We first choose the 
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function : N — > N such that g{k) > g{k — 1) for all A; > 1, g{l) > 18 and such that the 
sequence 

where C{k) is as in Theorem 2.8 (with d = 1, D = 4 and C = 3/2), is increasing and 
unbounded and the first element is larger than 3. We define h{n) = 3 for n < g{l) and 

h{n) = k-^/^C{k + 2)-^a3(fc)(T)-i/« (2.37) 

for g{k) < n < g{k + 1). Then both h and g are non-decreasing unbounded functions and 
by Remark 2.5 we can choose the sequence (nfc) and the function / such that 1° and 2° of 
Remark 2.5 hold and construct the space X satisfying Proposition 2.4 with e = 1/2. By 
(2.13) we have 

rik < K{n) < 3nfe, (2.38) 

if < n < Uk- This implies that 

nk < TTT'k < 3nfc + 1. (2.39) 

Namely, if for some /c e N 

Hk-i < TOfc-1 < 3nfc_i + 1, (2.40) 
we have, by the choice of g{k) above and by the choice Uk, Remark 2.5, 1°, 

4mfc_i + 2 < 12nfc_i + 6 < n^. 

Hence, by (2.40) and (2.38) we have nfc < K{4mk-i + 2) < 3nfc. Since K(4mA;-i +2) + 1 = 
mk-i we get (2.40) for /c, and , by induction, this holds for all k. (We have no = 1, mo = 2.) 
Hence, for all A; e N, by Proposition 2.4 and by 2°, Remark 2.5, 

{K,C)-ld{e2,X){4mk+i) < /(4mfe+i) < /(12nfe+i + 4) < /(n^+s) < Kuk) 
< h{g{t + 1) - 1) = t-^^^C{t + 2)-^a,(,)(T)-V8 < k'^^^Cik + 2)-^an,(T)-V8 

<fc-3/4c(fc + 2)-^a^,(T)-l/^ 

where t is such that g{t) < Uk < g{t + 1) (note that Uk > g{k) by Remark 2.5, 1° so that 
t > k holds). Hence, (2.17) holds. 

Let us then consider property (D). For £2 there is nothing to prove: it satisfies property 
(D) with = d{£2) = 1, D{£2) < 1, so that we can take a = 0. We note that 

00 
fe=i 

where Yk is as in the proof of Proposition 2.4. Since Yk is for all k isometric to a subspace 
of Lq^ we see that Y^ is a quotient of Lp^, where l/pk + ^/Qk = 1- So, again by [L], 
Corollary 5, if Z is an n-dimensional subspace of Y"^*, then 

^(^^^^dim(iv)^ < = (2.41) 
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and there exist a projection from Y"^*, and hence a projection R from X*, onto Z with 

< n^/2-i/9fe. (2.42) 

Let M C X* be such that dim (M) < < Suk + 1, /c > 2. By (2.41) and considerations 
simpler than in (2.9)-(2.12) we see that d{M,£2'^'"'^^^) < 3n^/^~^/^'= + 1. By (2.6), 2° of 
Remark 2.5 and (2.36) we thus get 

^(^^^^dim(M)) < 2/(nfc_i) < 2/i(nfc_2) < 2h{g{t+l) - 1) 

< a,(,)(T)-V8 < a„,_,(T)-V8 < ^^^_^(t)-i/8, (2.43) 

where t is such that g{t) < nk-2 < g{t + 1). 

On the other hand, let P be a projection from X* onto M. The subspace A'^o = 
ker(P) n Yi^_^2 has dimension not smaller than nk+2 — ^k- Let be any dim(M)- 
dimensional subspace of Nq. We have d{No, £^™(^")) < (Sn^ + 1)1/2-1/5^+2 < 1 + £ = 3/2, 
see (2.41) and (2.4). By (2.41), (2.42) and (2.4) we find a projection R from X* onto 
N with ||i?|| < 2. Now (2.16) follows from (2.43), and Q = R{idx - P) is a projection 
satisfying the conditions of property (D) with d{X*) = 1, D{X*) = 4. 

In fact, we have proved 

2.12. Corollary. Every compact operator T on the real Hilbert space £2 factors 
through a separable reflexive Banach space Y (= X* above) without basis such that 
T = T1T2, where Ti e L(^2, Y), T2 G L{Y, £2) and Ti{£2) C Y is dense. 

Remark. The preceding consideration also yields a method to factorize compact 
operators on some ^2-sums of finite dimensional Banach spaces through the separable 
Hilbert space. Note that our factorization result remains valid, if we replace the spaces Y^ 
of (2.7) by arbitrary Uk-dimensional subspaces of Lq^. It is also clear that Theorem 3.2 
or similar methods do not work in this case since all closed subspaces of the Hilbert space 
are Hilbert spaces. 

In the second version of our main result we simply give a condition for factorization 
in terms of the solution of problem mentioned after Lemma 2.6. To be more exact, we give 
the following 

2.13. Definition. Let X and Y be Banach spaces and let / : N ^ R+, /i : N ^ R+ 

and : N ^ N, g{n) < n for all n, be positive, non-decreasing. We define (if possible 

for these X, y, /, gr, and h) the function ^{f,g,h) : N — > M as follows. If n G N, then 
^{f,g,h){n) is the supremum over all pairs {M,N) of at most n-dimensional subspaces 
M C X, iV C y, dim(M) = dim(iV), /(M, N) < f{n), and subspaces Mi C M, Ni C N 
satisfying dim(Mi) = dim(A''i) < g{n) and d(Afi, Ni) < f{g{n)), of the number 

sup HM2,iV2)}, 
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where the supremum is taken over all complements M2, M2®Mi = M, and N2, N2®Ni = 
N such that the projections corresponding to these direct sums have norms smaller than 
h{g{n)) . 

In general, sufficiently good estimates for $ are unknown. The philosophy is that, if 
for our spaces for example 

^f,g,h){n)<cf{nr (2.44) 

holds for some constants c, a > and for some relatively slowly increasing functions g and 

h, we get reasonable results. 

The motivation of Definition 2.13 is the fact that knowing a good estimate for $ makes 
the proof of our main result quite straightforward; compare the proofs of Theorems 2.8 
and 2.14. 

2.14. Theorem. Let X and Y be separable, reEexive Banach spaces such that 
[K, C)-ld{X*, Y*) is Gnite for some C > 1 and K : N ^ N, and let T e L{X) be compact. 
Let mo = 2, mfe > K{3m,k-i + 2) + 1 for aU k e N. Let the functions / : N ^ M+ and 
h:N he defined by f{n) = h{n) = 1 forn<2, and 

f{n) = 16C{k{n)f{K,C)-ld{X*,Y*){3mkin)-i), (2-45) 
h{n) = C{k{n)) + 1, forn > 2 (2.46) 

where k{n) e N is such that mk(^n)-i < n < m^n) C{k) := (2(C + 3))'^"'"^, and let 
^ : N — > N be tie largest non-decreasing function satisfying g{k) < k and g{m,k+i) = rrik 
for all keN. 

Assume that for a constant C and for all k eN the inequality 

$(/, g, h){n) <{k + l)-^C'C{k + l)-^a-\_^{T), for aU n < m^+i, (2.47) 

holds with respect to the spaces X andY). Then T = T^^)T^^\ where T(i) e L{X, Y), 
T(2) e L{Y,X) and T^^\X) is dense in Y. Moreover, the operators T^^) and T^^) ^re 
compact. 

Note that if the estimate (2.44) holds, then the condition 

{K,C)-ld{X*,Y*){3mk) < (/c+l)-3/'^C(A; + l)-2-^/«a^,_,(T)-i/« (2.48) 

implies (2.47), and hence, the operator T factors. (Combine (2.44), (2.45) and (2.48).) On 
the other hand, (2.48) resembles (2.17) so we get numerical examples like those after the 
proof of Theorem 2.8, but with a bit better C{k). Of course, applying Theorem 2.14 one 
does not need to take care of property (D). 

Proof. For each n G N, n > 1, we choose an operator G L{X) satisfying 
rank (T^) < n and 

\\T-Tj<2an{T). (2.49) 
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Let (l^n)^o ^ sequence of closed subspaces of Y such that D i^n+i and codim (y„) = 

n 

codim ( n ker (T„J). 

k=0 

Let (xn)^^! C X and (1/^)5^1 C F be sequences of non zero elements such that 
sp (xn) C X and sp (y^) C y are dense. 

We apply Lemma 2.6 inductively as follows. We set Mq = Nq = {0}, Pq — Qo = 0. 
Assume that k > 1 and that for < n < k the projections P„ e -^(^) Qn G L(Y) are 
defined such that for all < n < k 

1° ll^nll <C(n),||QJ| <C(n), 

2° P,(X) D Pn_i(X), Qn(n^Qn-l(l^), 



3= 



n-l 



(idx - Pn)iX) C (idx - Pn-i)iX) n fl ker(T^J, 



t=0 

(idr - QnW) C (idy - Qn-lW) n Yn-l, 

4° dim (M^) = dim (iVn) < m^, 

5° d{Mn,Nn) < lQC{n)^KCMf{X* ,Y*){3mn-i) 
6° G G iV^, 

where := Pn{X) and A^n Qn{Y)- Then applying Lemma 2.6 with X,Mk-i, 

k-l 

n ker (T^J, y,iVfc-i and Yfc-i as X,M,Xo,Y,My and Yb, and Pfc-i and Qk-i as P 
t=o 

and Py we get projections Q = Pk and = Ofc onto the subspaces Mk = N C X and 
Nk = Ny C Y, respectively, satisfying the properties mentioned in Lemma 2.6. So, we 
have \ \Pk\ \ < 2^(C + 3)'=(C + 2) and \ \Qk\ \ < 2'=(C + 3)'=(C' + 2). 

We choose the smallest n (resp. m) such that Xn ^ Mk (resp. ym ^ -/V^) and denote 
a;^'^) := (resp. y'^'''> := 2/r„,). We have (idx - Pk)x^^'^ ^ and (idy - Qk)y^'^^ 0- 
Let Rx and Ry be projections from (idx — Pk){X) onto sp ((idx — Pk)^^''^) and from 
(idy — Qk){Y) onto sp ((idy — Qk)y^^^)i respectively, with norm one. We define 

Pk = Pk + Rx{idx - Pk), Qk^Qk + Rriidy - Qk) 

and Mk = Pk{X), Nk = QkiY)- Then clearly 

i) Pk commutes with Pk and Qk commutes with Qk, 

ii) llPfell <2||Pfe|| + l, IIQfell <2||Qfc|| + L 

Now it is straightforward to see using Lemma 2.6 that properties l°-6° are satisfied 
for k instead of — 1. We just remark that (idx — Pk)iX) C (idx — -Pfc-i)(A) follows 
from the commutativity of Pk and Pk-i, which again is a consequence of Lemma 2.6 
and i). Note also that the Hahn-Banach-theorem implies the existence of decompositions 
Mk ^ Mk® M^^\ Nk = Nk® N^^\ where dim(M(^)) = dim(iV('=)) = 1, such that the 
norms of the corresponding projections do not exceed 2. This again implies d{Mk, Nk) < 
16d{Mk, Nk). Lemma 2.6 yields an estimate for d{Mk, Nk), so we get 5°. 

Using Definition 2.13, (2.45), (2.46) and the properties 1° and 4° above we define for 
all /c G N, k > 1 the isomorphism ipk '■ {Pk — Pk-i){X) — > {Qk — Qk-i){Y) such that 

Uk\\Uk'\\<HL9,h){mk). (2.50) 
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(We take n = ruk and the spaces M/., M/5_i, (P^ — Pfe_i)(Mfc) correspond to M, Mi and 
M2 in Definition 2.13; similarly for N]^ etc.) Let t/^i : Mi — > A^i be an isomorphism such 
that ll^illllVr'll =d(Mi,iVi). 
We now define 

CO 

rWa; = Y,k-'"^C{k)-^\\tl;k\\-^tl;k{Pk - Pk-i)x, (2.51) 
k=l 

where Pq — and x & X, 

00 

T(2)a; = J2 k^^^C{k)\\iPk\\TiP^\Qk - Qk-i)x, (2.52) 
fc=i 

where Qo = and x E Y. The facts that T*^^) G iv(X, F) and that T^^^ is compact are 
consequences of \\Pk\\ < C{k), k eN. Concerning T^^), we have by 2° for A; < 2 and for 
all a; e y 

i^k\Qk - Qk-i)x e {Pk - Pk-i){X) = (idx - Pk-i)Pk{X) C ker (T^,_ J. 
Hence, by (2.49), for /c > 2 

r^fc '(Qfe - Qk-i)x\\ = ||(T - T^,_J^,-^(Qfc - Qfc-i)x|| 
<\\T-Tm,_M^k'\\\\Qk-Qk-i\\\\x\\ 
<4C{k)arn,_,{T)\\i;-'\\\\x\\. 
Now the choice of ipk, (2.50) and (2.47) imply for A; > 2 

\\C{k)\\iPk\\TiJ^\Qk - Qk-i)x\\ 
<4C(/c)a^,_,(T)||V',||||V'-i||x|| 
<4(7(fc)a^,_,(T)$(/,^7,/i)(mfc) 

< 4A;-^C"||a;||. (2.53) 

So (2.53) shows that (2.52) converges absolutely for all x, T^^) e L(y, X) and T^^) is even 
compact. 
We have 

00 00 
Ti2)TWx = ^ /c3/2c(A:)||V',||TV;,-^(Q, - Qk-i)iJ2i-'/'C{t)-^M-'MPt - Pt-i){x)) 

k=l t=l 

00 00 

= E E k^^^t-^^'C{k)C{t)-'\\^k\\m~'Ti;^\Qk - Qk-i)MPt - Pt-i){x). (2.54) 
fe=i t=i 
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Here 

Tij^\Qk - Qk-i)MPt - Pt-i){x) 

= SktTiPt - Pt-i){x) 

so that (2.24) is equal to 

CO 

So T^'^^T^^^x = Tx for x e for all /c G N, and hence also for all 



xe[jMk = x. 

k=l 

The density of T^^\X) C Y follows from the choice of the sequence {yf~) and the fact 
that yk e T{Mk+i) for aU keN. □ 

2.15. Corollary. 1°. Let T e L{i2) be compact, an(T) < (logn)~^~^ for some 

< £ < 1. Then T factors as T = T2T1 through every weak Hilhert space X such that 
Ti{£2) C X is dense. 

2°. If X is a weak Hilbert space, T G L{X) is compact and an{T) < (logn)~^~^, then 
T factors through a Hilhert space. 

Note that to prove this we need to use the unpublished results mentioned in Remark 
2.2.8°. 

Proof. Let X be weak Hilbert, let C = 2 and K : N ^ N, K{n) = c'n, where c' > 1 is 
such that {K,C)-ld{X,£2)in) < colog(n+l) as in Remark 2.2.8°. Let c> be such that 
if M C X is an n-dimensional subspace, then d{M, £2^^^^^) < clog(n + 1), see Remark 
2.2.8°. We define a = 10^/^ and = maxle"*", lc'm,k-i} for all A; e N; for large k we 
thus have mu = e"" . 

Assume now that /c e N and n < m^k+i- By the choice of c and the definion of $ we 
have the following trivial estimate for $(/, h){n) (with X = X, Y = £2) which in fact 
does not depend on /, g and h : 

^{f,g,h){n) < clog(mfe+i + 1). 

On the other hand {amk-i > (logm^k-i)^'^^ so that we get for some constants Cj > 0, 

1 = 1, 2, 3, for large k and n < ruk+i 

(3'(/,^7,/i)(n))-ia-i_^(T) > c^'a-'^-'a^'^-'^^'+^^ 

> C2a^^ = C2lO^'= > C3lO'=C(A;+ 1), 

see the choice of C and C{k). This shows that (2.47) holds. So, Theorem 2.14 applies to 
prove our Corollary in both cases. □ 
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We now turn to a study of locally convex spaces. Factorization theorems in Banach 
spaces can often be used to find new systems of local Banach spaces of locally convex 
spaces. For example, given a Schwartz space E as a projective limit of nonrefiexive spaces 
we can use the factorization result of [DFJP] which says that a weakly compact operator 
always factors through a reflexive space, to find a system of reflexive local Banach spaces 
on E. However, not all factorization results are useful in this respect. To get a trivial 
counterexample, let us consider a Banach space {X, || ■ ||) as a Frechet space with the 
system {pk)'kLiJ Pk = k\\ ■ ||, of seminorms. Given any Banach space Y the linking map 
(the identity operator on X) between the local Banach spaces ^p^+i and factors 
trivially through X xY. However, it is not possible that X can have a system of local 
Banach spaces isomorphic to X x y unless X is isomorphic to X x y. 

The situation is different, if the factorization is dense. To see this, assume that 
{E, {pa:)aeA) is a locally convex space. Let a, (3 E A, p^i > pp, and let T^^p : E^^ — > 
Epp be the canonical mapping induced by the identity operator on If T^,^ factors as 
Tap = T(^)t(^) through some Banach spaces Y such that T^'^\Ea) C y is dense, then 
there exists a continuous seminorm q on E such that Pa ^ Q ^ and Eg = Y: we can 
take q{x) = \\T^'^^x\\y, where ip is the quotient mapping from E onto i?/ker(pQ,). Of 
course, this does not necessarily hold without the assumption on the density of T^^\Ep^J. 

Recall that in the case of Schwartz spaces we can find for all o: e A an index (3 such 
that Tq,^ is compact. 

Assume that there exists a separable, reflexive Banach space X such that for all 
a E A, Ep^ = X. In view of the preceding remarks it is now clear that, given a Schwartz 
space as above, we can use Theorems 2.8 and 2.14 to find new systems of seminorms {qp)p^B 
on E such that the local Banach spaces of this systems are not necessarily isomorphic to 
X. 

We could formalize this statement as a corollary but we do not want to repeat the 
many assumptions of Theorems 2.8 and 2.14. We just give some special cases. 

2.16. Corollary. Let E he a Schwartz space as above such that X is isomorphic to 
a Cp-space, 1 < p < oo. Given any Cp-space Y the space E has a system of local Banach 
spaces isomorphic to Y. 

To prove this we use Theorem 2.10. 

2.17. Corollary. Let E be a hilbertizable FrechetSchwartz space over M, i.e., a real 
FrechetSchwartz space having a system of local Banach spaces isomorphic to £2- Then 
there exists a system of local Banach spaces {Ep^)^^-^ such that none of the spaces Ep^ 
has a basis. 

This follows from Corollary 2.12. 

I think it should be possible to choose the spaces Ep^ isomorphic to each other. 

3. Remarks on dense factorizations. In this section we present some relatively 
simple, but efficient, remarks on dense factorizations of operators in Banach spaces. The 
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results can be combined for example with the considerations in the previous section to get 
much more new examples of systems of local Banach spaces in locally convex spaces. 

We recall the trivial fact (see also the remark above Corollary 2.16) that given a 
Banach Space X the identity operator on X factors through X xY for any Banach space 
Y, but that this factorization can in general not be done such that the image of X in X x y 
is dense, even if Y is separable. We shall see in this section that the situation changes 
dramatically, if we consider for example a compact operator on X . 

We begin with a lemma in the spirit of [V], Theorem 1: to prove the lemma we use 
the existence of a total, bounded biorthogonal system in a separable Banach space, as in 
[V]. 

3.1. Lemma. Let X be a Banach space with a normalized basis {en)'^^i, let Y and 
Z be Banach spaces, Z separable, and let T e L{X, Y) satisfy for some e > 

\\Ten\\ < n-^-^ (3.1) 

for all n. Then T factors as T = T^^^T^^^ through Z such that T^^\X) C Z is dense and 
such that T(i) and T^^) are compact. 

Proof. Let {{xn)'^=i, (yn)5^Li) be a total, fundamental, biorthogonal system in Z, as 
in [LTl], Theorem l.f.4. Recall that ((a;„)^i, (yn)^i) satisfies the following properties: 
{xn)'^^i C Z is total, {xn,ym) = ^mn for n,m &N, and sup ||a;n|| ||j/n|| ^ 20, so that we 

n€N 

may assume ||a;„|| < 1, \\yn\\ < 20 for all n. 

Let (e*)^i C X* be the sequence of the coefficient functionals of (en)^i; we have 
sup ||e* II < C < oo for a constant C > 0. 

n 

We define 

oo 

TWx = ^n-^-^/^(x,e>„ (3.2) 

n=l 

for X & X, and 

oo 
n=l 

for X e Z. The boundedness of the sequences (e* )^i and (x^)^! implies 

oo 

||TWa;|| < J]n-i-=/2||^||||g*||||^^|| < 

n=l 

for a constant C > 0, so that T^^'> is a bounded and even a compact operator. Moreover, 
T(i)(X) is dense in Z since (xn)$^i is total in Z. Similarly, by (3.1), for x & Z, 

oo oo 

\\T^^^x\\ < J2n'+'/'\\x\\\\yn\\\\Ten\\ <J220n-'-'/'\\x\\. 

n=l n=l 
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Hence, also T^^) is bounded and compact. 
We have for all x E X 



n=l m=l 

oo 

= ^ n'+'/^n-'-'/\x, el)Ten = Tx, 

since {Xm,yn) = Sm,n- ° 

The foUowing result provides a trick to make dense factorizations. We again refer to 
[LTl] for the terminology of bases and basic sequences in Banach spaces. 

3.2. Theorem. Let X and Y be Banach spaces, let T e L{X,Y) be compact 

and assume that X has a complemented unconditional basic sequence. If Z is an arbitrary 
separable Banach space, then T factors asT — T^'^'^T^^^ through XxZ such that T^^^ (X) C 
X X Z is dense and T^^) is compact. 



Proof. Let {en)'^=i C X be a normalized complemented unconditional basic se- 
quence. By compactness, (Te„)^i has a convergent subsequence (Tcnj.)^!, ^^^^ hence, 
the sequence 

converges to in F. Let (m/e)^! be a subsequence of (n^) such that for all /c e N 

WTp — Tp II < 

and let us denote fk = em2k ~ ^rn2k+i k E N. Since (en)^i is an unconditional, 
complemented basic sequence we see that (/n)^i is a complemented block basic sequence 
of (cn) satisfying 

\\Tfn\\<n~^ (3.3) 

for all n e N. Moreover, we have 

2 > ll/fell — \\^m2k ~ ^m2k+i\\ — ^ \\^m2k\\ ~ ^ 

for all k, where C > is the basis constant of (e„)^i. 

By Lemma 3.1 and (3.3), the restriction of T to the complemented subspace Xi := 
sp ifn \ n E N) of X factors densely through Xi x Z. Let us denote this factorization by 
T|xi = R^'^^R^^\ where the operators R^^'> e L{Xi,Xi x Z) and i?^^) e L{Xi x Z,X) are 
compact. We define 

T(i) = i?^^) e idx2 > T^^^ = R^^^P + TQ, (3.4) 
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where X2 is a closed subspace of X such that Xi ® X2 = X, and P (respectively, Q) is 
the natural projection from {Xi © X2) x Z onto Xi x Z (respectively, onto X2). Clearly, 
T*^^) is compact as a sum of two compact operators, see Lemma 3.1. □ 

Examples. 1° The straightforward application of Theorem 3.2 to the Schwartz space 
{E, {pa)aeA) yields the result that if the spaces Ep^ have complemented unconditional 
basic sequences, then we can find a system of local Banach spaces (Eq^)aeA where each 
Eq^ is an arbitrary separable Banach space containing Ep^ as a complemented subspace. 
This result is quite natural in view of the facts that each Schwartz space contains a nuclear 
subspace and that in nuclear spaces the geometry of local Banach spaces may be chosen 
arbitrarily, [V] . However, these known facts do not imply our results. 

2° Theorem 3.2 also leads to many examples of the following type: Let {En)^^i be 
a family of Banach spaces and let £p((i?n)5^Li) be the Banach space of En-yalued, £p- 
summable sequences, where 1 < p < 00. The space £p{{En)) contains a complemented 
copy of £p (fix one vector ^ Cn E E^ for all n and use the Hahn-Banach theorem to find 
for all n e N a projection from E^ onto sp (e„)). By Theorem 3.2, every compact operator 
on £p factors densely through £p{{En)). Generalizations and applications to Schwartz 
spaces are left to the reader. 

3.3. Corollary. Every compact operator T : £1 ^ £1 factors through an arbitrary 
separable C\-space Y such that the image of £1 in Y is dense. 

Proof. Follows immediately from Theorem 3.2, since each >Ci-space contains a com- 
plemented copy of £1, [LP], Proposition 7.3. □ 

Corollary 3.3 complements Theorem 2.10. 

In the case of £2 a much stronger result holds. 

3.4. Theorem. Let T G L{£2) be compact and let X be an arbitrary separable 
Cp-space, where 1 < p < 00. The operator T factors asT — T^^^T*^^) through X such that 
T{£2) C X is dense and both T^^) e L(£2, X) and T^^) e L(X, £2) are compact. 

Proof. Using for example the polar decomposition we can find compact operators 
S'^'^^ G L{£2), z = 1, 2, such that T = S^'^KS^^^ and such that each S^^^ has a dense range. 
The space Lp{0, 1) has a complemented subspace Y isomorphic to £2 (see, e.g. [LT], p. 215). 
By Theorem 3.2, both S^^^ and S^^^ factor through Lp{0, 1), 

^(1) = ^(1,2)^(1,1) ^ ^(2) ^ ^(2,2)^(2,1)^ 

such that S''-*'^-' C Lp{0, 1) is dense and 5'*^*'^-' is compact for i = 1,2. By Theorem 2.10, 
S := G L(Lp(0, 1) factors as S ^ through X with a dense range such 

that each i?^*) is compact. Now 

y(l) = ^ t(2) = ^(2,2)^(2) 
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is the desired factorization. □ 

3.5. Corollary. Every hilbertizable Frechet-Schwartz space has for all 1 < p < oo 
and for all separable £p-spaces Y a system of local Banach spaces isomorphic to Y. 

Let us still mention the following interesting case. 

3.6. Corollary. Let {E, {pa)aeA) be a locally convex space such that every local 
Banach space := Ep^ has the bounded approximation property and such that for every 
a there exist (3,Pct < P/s, and a complemented unconditional basic sequence {cnict, (3))'^^i C 
Ep such that the restriction of the linking map Tq,^ : Ep E^ to sp (e„(Q;, /3) | n G N) is 
compact. Then E has a system of local Banach spaces {Eq^)oieA so that each Eq^ has a 
basis. 

Proof. It is easy to see, using Theorem 3.2, that each linking map Ta/3 as above 
factors densely through Ef^ x Zaf3 for an arbitrary separable Banach space Zap- Since Ep 
has the bounded approximation property, we can choose such that Efj x has a 
basis, see [P]. We then define the system of seminorms as above Corollary 2.16. □ 

Examples. 1° Every Schwartz space having a system of local Banach spaces with 
the bounded approximation property and a complemented unconditional basic sequence 
satisfies the conditions of Corollary 3.6. 

2°. Assume that E is a. Frechet space of Moscatelli type (for definition, see [BD], 
Definition 1.3) with respect to X, (l"n)^i5 {Zn)^=i and where X is a normal 

Banach sequence space, the Banach spaces Y^ and Z„ have the bounded approximation 
property for all n, the spaces Yn have for all n unconditional complemented basic sequences, 
and the linear maps fn '■ Y^ ^ Zn are compact embeddings. The conditions of Corollary 
3.6 are satisfied also in this case. 

Remark. The result that a Banach-space with an unconditional basis is isomorphic 
to a complemented subspace of Banach space with a symmetric basis (see [LTl], Theorem 
3.b.l) also yields an application similar to Corollary 3.6. 

The following remark yields another method to combine the results of Section 2 with 
the present considerations. 

3.7. Lemma. Let X, F, Z and W be Banach spaces, Z separable, let T G L{X, Y) 
be compact and assume that every compact operator S G L{X, Y) factors densely through 
W. IfX has a complemented unconditional basic sequence (e^)^!, then T factors densely 
through W X Z. 

Proof. According to Theorem 3.2, T factors densely through X x Z as T = ^(2)5(1). 
Moreover, the factorization is such that S'*-^-* is compact. By assumption, the restriction 
of 5(2) to X factors densely through W, S^^^\x = R^^'^R^^\ where R^^^ G L{X, W), i?^^) e 
L{W,X). So, writing 

rp{i) ^ ^rWp^ + Pz)s(^\ 

(3.5) 

T(2)=i?(2)p^ + 5(2)p^, 
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where Px denotes the natural projection onto X etc. and T*^^) e L(X,W x Z), T^^^ e 
L{W X Z, X), we get the desired factorization T = T^^^T^^). □ 

Example. Applying the results of Section 2 and Lemma 3.5 we see that a compact 
operator on a separable reflexive Banach space X factors densely through a separable 
Banach space W x Z, where W is reflexive, if merely the uniform local distance of X* 
and W* is small enough and if some technical regularity assumptions are satisfied. To be 
more exact, the assumptions of Lemma 3.5 are satisfied, if X — Y and both X and W 
are reflexive, separable and have property (D) with constant functions fx and /vi/, and if 
the uniform local distance of X* and W* is bounded (Lemma 2.9). For example, every 
compact operator on a separable £p-space, 1 < p < oo, factors densely through £p{E), 
the space of p-summable, E valued sequences, where E is an arbitrary separable Banach 
space; see the example after Theorem 3.2. 

Johnson constructed in [Jo] a family of separable Banach spaces Cp, 1 < p < oo, with 
the strong property that every compact operator on a separable Banach space X with 
the approximation property factors through an Cp. The sums of some 

sequences of flnite dimensional Banach spaces. Having a look at the proof of [Jo] one flnds 
that the factorization is not dense. It would be interesting to know, if the factorization 
could be done in a dense way for example in the case X has the bounded approximation 
property. Unfortunately, Theorems 2.8 or 2.14, combined with Lemma 3.5, do not work 
here, since the local distance of a space X and an ip-sum of flnite dimensional subspaces of 
X is usually not bounded. The following result implies a positive answer to this problem 
in a restricted case. Note that because of the polar decomposition, the case of compact 
operators in Hilbert space is included there. For the properties of symmetric bases we refer 
to [LTl], p. 113. 

3.8. Proposition. Let X be a Banach space with a normalized symmetric basis 
{en)^^i and let T e L{X) be a compact diagonal operator, Te^ = Ae^ for a sequence 
(An)^i of scalars satisfying lim |A„| = 0. Let Y be a Banach space which has an 

n— >oo 

unconditional finite dimensional decomposition, (M^^.)^^, where M„ = sp {ek\k < n) C. 
X, for some increasing sequence {Tik)'^i- If Z is an arbitrary separable Banach space, 
then the operator T factors as T = T^'^'^T^^^ through Y x Z such that T^^\X) is dense in 
Y X Z and such that both T^^^ and T^'^^ are compact. 

Proof. We may assume that |An| < 1 for all n. We choose the sequence {m,k)'^^i, ruk € 
N, such that 

|An| < k-^ (3.6) 

for all n > m,^, for all A; e N. Let 



Xi = sp {en\n 7^ m,k for all k) C X, 

(3.7) 

X2 = sp (e^J/e e N) C X. 
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Let {i'k)'kLi be an increasing subsequence of (nfe)^i such that Vk > "^fe for all k. We 
define 



(3.8) 

fceJ 

where J = {/c e N|nfc ^ z^t for all t G N}. 

The restriction of T to X2 factors densely through Y2 x Z hy (3.6) and Lemma 3.1. 
Moreover, the factorization is such that both factors are compact. It is thus sufficient to 
prove that the restriction of T to Xi factors densely through Yi such that both factors 
arc compact. Wc define the sets Njt C N, /c = 1, 2, . . ., inductively as follows: consists 
of the smallest z/^ natural numbers m such that m ^ mt for all t and m ^ for t < k. 
Clearly, we have 

m > Vk-i > ruk-i (3.9) 

for all m e Nfc. Moreover, 



- iVfc, (3.10) 

fc=i 

where Nk = sp {e^|ri G Nfc}. Let (pk '■ {1, • • • , i^k} — >^ be a bijection. We define for all 
/c e N the operator R^^^ e L{Nk, M^J by 

where 1 < n < z^fc, and R^'' e L{M^^,Nk) by 

R\t^ = ^iPk{n)\^ifk{n)\ ^^'^^'Pkin) (3.12) 

for 1 < n < i//s. We have |A<^^(„)| < {k — for all A; > 1 and for 1 < n < i/fc, see the 
choice of (pki (3.9) and (3.6). Since the basis (e„)^i is symmetric, we get 

\\Rk\\ < Ck-^/^, WR^^^W < Ck-^/^ (3.13) 

for a constant C (depending only on the properties of the basis (e^); see [LTl], p. 113) and 
for all k. Denoting by (Pfc)^i (resp. {Qk)'kLi) the uniformly bounded family of natural 
projections, P/. : Xi — > Nf. (resp. Qk -Yi ^ ^i^k) '^^ define 



k^l k=l 



These operators are bounded and compact because of (3.13) and the properties of {Pk)kLi 
and (Qfc)feLi- Moreover, (3.11) and (3.12) imply that R^^^R'^^hn = \„en for all n e 
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so that = Rx for x E Xi, see (3.10) and (3.7). The density of R^^\Xi) in Yi 

also foUows from (3.11). □ 

3.9. Corollary. Let X and T be as in Proposition 3.6. For all p, 1 <p < oo, the 
operator T factors through the Johnson space Cp such that the image of X in Cp is dense. 
As a consequence, each £q-Kdthe sequence space, I < q < oo, which is a Schwartz space 
has a system of local Banach spaces isomorphic to Cp. 

Proof. Given any sequence (M„)^i of finite dimensional Banach spaces the Johnson 
space contains a complemented subspace Y isomorphic to (®^i Mn)tp- So, Proposition 
3.8 implies the desired factorization of T. The statement concerning Kothe spaces follows 
from the fact that the linking maps between their natural local Banach spaces satisfy the 
assumptions of Proposition 3.8. □ 

We finally present a consequence or Theorem 3.2 containing Corollary 2.12. 

3.10 Corollary. Let Y he a Banach space. Every compact operator T e L(£2,i^) 
factors densely through a separable reflexive Banach space X without basis. 

Proof. Let X be the Szarek space as in Proposition 2.4 with e.g. /(n) = 3n. It 
is easy to sec, using considerations like those in the proof of Proposition 2.4, that for all 
n G N we can find k such that Yk contains a 2-complemented subspace 2-isomorphic to 
Since X is the £2^sum of the spaces Y^, we see that X in fact contains a complemented 
copy of £2- Our result now follows directly from Theorem 3.2. □ 

4. Duality problems for local Banach spaces of Frechet spaces. We consider 
the following problems on the local Banach spaces of, say, a Prechet or a (L>F)-space E 
and its strong dual E'^^. 

(LI) Assume that E has a system of local Banach spaces isomorphic to a Banach 
space X. Does E'^^ have a system of local Banach spaces isomorphic to X*? 

(L2) Is it possible to construct an example of a Frechet or a (L>F)-space E such that, 
given large enough continuous seminorms p and q on E and i?^, respectively, we have 
(Ep)* ^ {E^)^ for all continuous seminorms p> p and 7 > g on £■ and 

There exists a simple counterexample to (LI). Let E be any nuclear £i-Kothe sequence 
space with a continuous norm. Then E is a Frechet-space having by definition a system of 
local Banach spaces (-E'pfc)fcLi isometric to £1. We have, for all k eN, {Ep^^)' = £^, which 
is not a separable space. On the other hand E'^ is separable so that all the local Banach 
spaces of E'^ are also separable. So (LI) has a negative answer in this case. 

The preceding counterexample is a separability argument, and it does not give any 
information on the local structure of the Banach spaces involved. In fact it is known that 
E'^ has a system of local Banach spaces isomorphic to cq (see [V]!). Both cq and £00 are 
£oo~spaces so that at least in this sense they are still quite similar. I do not think the 
above counterexample is yet a satisfactory answer to problem (LI). 
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We can also ask the following natural question: 

(Bl) Assume that E has a system of local Banach spaces isomorphic to the Banach 
space X. Does E also have a family of Banach discs {Bct)aeA such that Eb^ = X and 
such that every bounded set of E is contained in some 5q,? 

Clearly, questions (LI) and (Bl) are related. To be more exact, every weakly closed 
(with respect to the dual pair < E^E'f^ >) absolutely convex neighbourhood of zero U C E'j^ 
is the polar of a Banach disc B C E, and, moreover, {E')ij is isometric to a subspace of 
{EbY- The counterexample above does not solve (Bl). 

We are not able to solve (Bl) here. I conjecture that the answer is negative. The 
difficulty in proving this is that one has to be able to deal with a large class of Banach 
spaces on which one has only little information and which may be very pathological (cf. 
Corollary 2.17!). 

To give some reference wc mention the book [Ju] which contains a study of related fac- 
torization problems. The above problems are also connected with the problem of projective 
descriptions of inductive limits. There exist a lot of papers on this topic by K.D.Bierstedt, 
J.Bonet, R.Meise and others. We refer to the survey articles [BM] and [BB]. In this context 
problem (Bl) was solved in the positive for £p-K6the sequence spaces in [BMS], Proposition 
2.5. 

The result can easily be generalized to X-Kothe sequence spaces in the sense of 
Bellenot, [Be], where X is a Banach space with an unconditional basis (e„)^i. There is 
no difficulty to give even a vector valued version. Given X as above and a Kothe matrix 
(aA;n)fe°n=i (^■^- ^ Hiatrix Consisting of non negative numbers akn such that ak+i,n > Ofcn 
for all k, n and such that for all n there exists k with akn > 0) and a sequence {E^, qn)'^=i 
of Banach spaces, a vector valued X-K6the sequence space E is defined by 

E '.= = (^Xfi^j^—i I Xn G E^, 

oo 

{Xn)en\\x < oo}. 

n=l 

Clearly, £^ is a Frechet space. We assume now that akn > for all k and n. In this case 
all local Banach spaces Ep^ are isometric. Using the same method as [BMS] , Proposition 
2.5, we can now prove 

4.1. Proposition. An arbitrary bounded set B C E is contained in a bounded set 
of the form 

oo 

-^0 = {^C I II ^ bnqn{Xn)en\\x < 1} 
n=l 

for some positive sequence (6n)^i- Moreover, Ebq is isometric to the spaces Ep^. 

Proof. Let the numbers r/s. A; e N, be such that cB C VkUk and rk < Vk+i for all 
k E N, where Uk '■= {x e E \ pk{x) < 1} and c is the unconditionality constant of {en)- 
We define for all n e N 

hn = max 2~^rl^akn- 

l<k<n 
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Then the set Bq, defined as above, is easily seen to be bounded. We denote for all A; e N 
Kk := {n eN, n>k\bn = 2~'^r'^^akn, K 7^ 2~^rt^atn for alH, k <t < n}. 

Clearly, each n eN belongs to exactly one so that N is a disjoint union of the sets K^. 
We have for all x = (xn) G P) r^Uk 

k 

00 

\\^bnqn{Xn)en\\x 
n=l 

00 

^11 XI ^ '^~'''^k^(^knqn{Xn)en\\x 
k=l n£Kk 

00 

<E2-Vii E 

^knQn {Xn)en\\x 

k=l n£Kk 
00 

< CSUp {r^^ll ^aknqn{Xn)en\\x-} 



This means that f] rkUk C cBq. 

The last statement in our Proposition is clear from definitions. □ 

So, in the case of vector valued X-Kothe sequence spaces with a continuous norm the 
answer to question (Bl) is positive. These spaces are special examples of T-spaces defined 
in [BD] or (FG)-spaces studied in [BDT]. It is an open problem if the answer to (Bl) is 
positive also in these more general classes. 

Below we make an attempt to a negative solution of (Bl). This construction shows 
the obstructions one has when trying to solve (Bl) in a positive direction. 

We first concentrate on the following phenomenon. Let A and B be closed absolutely 
convex sets in such that sp (A) = sp (B) = sp {A f] B) = W^, and such that, say, 
(R",^) and {W^,B) are isometric. Then many isometric invariants occuring in Banach 
space theory (like projection constants) may be very different for (M", A) and (M", AnB). 
We give an example which will be used to analyze problem (Bl). 

Note that if || ■ \\a and || ■ \\b are the Minkowski functionals associated with A and B, 
then the Minkowski functional of Af] B equals x 1— > max {||a;||A, Ha^Hs}, x e M". 

We shall use tensor products and projection constants. Let n G N, n = 2*^ for some 
/c e N, and let {ei)f^i be the canonical basis of £2- Let for all i, j, 1 < i, j < n, the numbers 
Eij = 1 or -1 be such that the matrix n~^/^(£y)^j-^j^ is symmetric and orthogonal. (See, 
for example, [Kl], 31.3.(5), p. 429). Let A : £2 ^ £2 operator such that the matrix 

of A with respect to the basis (e^) equals n~^{eij). Then also {Aei)f^i is an orthonormal 
basis of £2. 
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We denote by M the n-dimensional subspace of ^l") spanned by the vectors /j := 
(cj, Aci), i = 1, . . . , n. Note that then also the vectors gi := {Aci, e,) belong to M, since 

3 

because of the choice of the matrix n~-^/^(£y ). 

In the following we endow M with the norm of which we denote by || • ||oo- The 
norm of (M, 1| ■ ||oo)* is denoted by || ■ H*. 

The following result is contained in [KTJ], Lemma 6. We give a different proof. 

4.2. Lemma. The absolute projection constant of (M, || • ||oo) is at least yjnj^. 

Proof. Let (/*),'Li (resp. («/*)^=i) C M* be the dual basis of (/j) (resp. (^i)). We 
consider the tensor 



z = fi ® fi ^ M* ® M G M* 



n2n 



If ^ = ^ ai<^bi, e M*, hi ^ M for all i, is an arbitrary finite representation, we have, 
by [Pi],B.L4, 

n 

||ai|U||6i||oo >Y^ {bi,ai) ^^{fij*) = n. (4.2) 

i i i=l 

Hence, the M* <Sitv M-norm of z is at least n. 
We claim that z has also the representation 

n n 
i=l i=l 

in M* 0-^^. Indeed, the first sum in (4.3) can be written as 

^ E /; ® ((ei, Ae,) + (-ei, Ae^)) (4.4) 

i 

and the second one as 

lY^di^ {{M, ei) + {Aci, -ei)) 

i 

i 3 3 

^3i{^3i~'^^3)) 

3 



2 
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Note that here g* = n~^^'^'Y2 ^jifj follows from (4.1); moreover, for an orthonormal, 

j 

symmetric k x /c-matrix (c"ij)f^j=i we always have 

k k k k 

for vectors Oj, 6^ in an arbitrary vector space. So (4.3) follows from (4.4) and (4.5). 

We show that ||/*||, \\gi\\ < 1 for aU i. Let x e M, \\x\\oo < 1- Then x has the 

n n 

representations x = ^ a^/i = ^ ^j^fj, and it follows from the definitions of /j and gi that 

i=l i=l 

sup |aj| < 1, sup \bi\ < 1. Hence, 

\{xj*)\ = \ai\<l, 

and, similarly, |(x,5f*)| < 1. This proves that ||/*||, US'*!! < 1. 
Using (4.3) we now get the estimate 

n 
i=l 

n 

+ ^ ||^*||||(Ae,,0)|| < 2nn-V2 = 2nV^ 

This, combined with (4.2) implies A(M) > m}/'^ /2 (see for example [T], Lemma 4.1). □ 

We now denote by || • ||/ and || • \\g the t^-noims, in M with respect to the bases 
(/i)iLi (^j)iLi, respectively. For l/\/n < a < y/n we define the norm 

||a;||*-"-* := max Q;||a;||g} (4.6) 

in M. 

4.3. Remark. The equality 

Ikll^'^ = Iklloo (4.7) 

holds for all a; e M. 

n 

Indeed, if a; = ^ifij then we also have 

i=l 

n n 

X = ^ ^ Xi ^ ^ n ^ ^ji9j 
1=1 i=i 

n n 

j=i i=i 
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so that 



= max {l^il, I Vn ^^^XkSjkl}. (4.9) 

— 

k=i 

On the other hand, if we consider x as an element of 

n n n 

X = ^Xi{ei,Aei) = ^Xi{ei,^n~^ SjiCj) 

i=l i=l j=l 

n n 
— ix\ ) • • • ) Xm ^ ] Tl ^ Xi£\i 5 • • • , ^ ] Ti ^ XiEfii)- 

This, together with (4.9), imphes (4.7). 

4.4. Remarks. We recall that every finite dimensional Banach space M is isometric 
to a subspace of cq. Moreover, if X C cq is a finite dimensional subspace, then the absolute 
projection constant of \{X) satisfies 

A(X) = A(X,co); (4.10) 

see for example [TJ], Propositions 32.1 and 13.3. We also remark that if X and Y are 
finite dimensional Banach spaces such that A(X) > C and (i(X, Y) < D, then 

A(y) > C/D. (4.11) 

One can also easily prove that if y is a Banach space isomorphic to Cq, d{Y, cq) < D > 1 
and X is a finite dimensional C-complemented subspace of Y, then 

X{X) < CD'^. (4.12) 

The following lemma is essentially known; see for example [Ju], Proposition 6.5.6 for 
the case a = 2. For the sake of completeness we give the proof. 

4.5. Lemma. Let {E, (pi^)'^^) be a Frechet space. If (vk)'^^^ is a sequence of positive 
numbers and 1 < a < oo, then the set 

B:={xeE\ \ Yy,rkPk{x)rj < 1} 

is a Banach disc. 

Proof. It is easy to see that B is bounded and absolutely convex. That B is closed 
can be seen as follows. Let ip : E ^ Ep^ be the canonical mapping induced by the identity 
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operator on E. Let us identify E in the canonical way with a subspace of Eq = YlkLi ^Pk- 
Then the set B is identified with 

Bo = {x= ixk)f=i I \\x\\:= '^{rkPk{xk)T j <1, 3yeE such that 

Xk = i>ky for all k). 

Assume that y = {yk) E Bq C E C Eq and that (a^^"))^! C -Bq is a sequence converging 
to y in the topology of Eq. Since we have the product topology on Eq, the sequence 
converges coordinatewise to y. Given £ > and m e N we thus find n e N such that 



in) 

k=l 



where x^") = (a;^" )fc. Since ||a;'^'^)|| < 1, this implies Q2T=ii''^kPk{yk))'^y^°' < 1 + £, and 
since m is arbitrary, ||y|| < 1 + e. Hence, y & Bq. □ 

Using the remarks above we now construct an example of a Frechet space E which is 
a projective limit of Banach spaces isomorphic to cq such that Eb is not isomorphic to cq 
for "many" bounded Banach discs B. 

4.6. Proposition. There exists a separable Frechet space {E, (t/fe)^]^, {pk)^=i) such 
that Ep^ = Co for all k, and such that Eb ^ cq, if B is a Banach disc satisfying the 
following: 

(*) pb is formed using the real interpolation method from the norms p^"'^ : = 

oo oo 

( E {rk^PkT?^'" and p(^) := ( ^ Vfe)^)^/^ where 1 < a < P < oo, (rfe) and (sk) are 

fe=l k=l 

oo 

arbitrary positive increasing sequences, Vk < Sk for all k, and ^ r^" < 1. 

fc=i 

To be more exact, we have Pa ^ and thus the Banach spaces Ea, and Ep corre- 
sponding to the Banach discs {x \ p^°'\x) < 1} and {x \ p^^\x) < 1}, respectively, satisfy 
Eq, C Ejj with a continuous embedding, and, hence, they form a Banach interpolation 
couple (see [TJ], §3). So, we can use the real interpolation method to produce norms ps 
defined on subspaces of E^ + Ep — Ep. We always have Pb ^ P(3 so that the closed unit 
ball of Pb is in fact a bounded disc. However, we do not claim that every B produced in 
such a way is closed in E. 

Clearly, Proposition 4.6 contains as a special case the Banach discs 

/ oo \ V5 

B = {x\ p{x) = \Y.{rk'pk{xk)Y\ < 1}, 

where 1 < q < oo; take a = j3 = q and (s^) = (r^) in Proposition 4.6. Note that \i q = oo, 
we have B = f|^^ VkUk- 
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In fact, the only thing we need to assume on B is that certain projections on Eb are 
well enough bounded. Unfortunately, it is hard to describe this condition exactly before 
constructing the space E. This is why we use the interpolation method to present our 
result. We refer to the proof. 

Proof. We denote Na = {2''\k e N}. For all n e N^, we denote by M„ the 

n-dimensional vector space M constructed above in this section, and by (/j^'^^)7=i and 

(fi'i"'*)r=i bases and (fi'i)JLi of M. We also denote by || • and || ■ the 

norms || • ||/ and ■ \\g on M^. Note that then < Iklls.n for all x e M^, see 

(4.1) and the definition above (4.6). 

Next we choose a bijection : Nd — > N x N and define for all A; e N the norms 

Pk{{Xn)nend) = sup {Pk,ni^n)} (4.13) 

where (xn) G 0pj^ and 

, , f lkn||/,n, if 7ri((/)(n)) > 
Pk,nM <^ (4.14) 
t Ipnils,"' if 7ri(0(n)) < /c; 

here n-i, i = 1,2, denote the canonical projections of N x N onto the first and second coor- 
dinate spaces, respectively. Taking the completion of 0^£f!}^ with respect to the topol- 
ogy determined by the norms pk we get a separable Frechet space {E, (C/fe)fc^i: {Pk)'kLi)- 
Clearly, each local Banach space Epi^ is isometric to cq. 

Assume now that 5 C £■ is a Banach disc satisfying (*) for some a and /? and for 
some sequences (r^) and (sfc). We show that Eb has an infinite family {Xm,)'^=i of finite 
dimensional 1-complemented subspaces such that 

sup{A(X^)} = oo. (4.15) 

meN 

CO 

We choose for all m e N the number K such that ( ^ ")~^^" > 4msi, and then 

k=K 

oo 

N eNd such that 7ri(0(7V)) = K - 1 and TV^s > ( ^ r^")"^/'* and N > s^^sj^. Let P 

k=K 

be the natural projection from onto Mtv- Now P is continuous with the operator 

n 

norm equal to 1 when is endowed with either of the norms p^"^^ or p^^^ . Since 

n 

is formed by interpolation, we see that ||P|| = 1 also as an operator in Eb (cf. [TJ], §3), 
so that Mn is a 1-complemented subspace of Eb- (This is the only point where we need 
to use some extra assumption on B.) 

Using the properties of the sequence (r^) and the definition of the norms pk we get 



K-l 

P 



fc=l k=K 
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K-l oo 
fe=l k=K 

<iRn\\-\\f,Nr+R'k{\\-\LNry^'' 

< 2 max {Ri\\ ■ \\f,N,RK\\ ■ \\g,N}, (4.16) 

oo 

where R^' — ( '^k'^Y^°'- other hand, obviously 

k=k' 

max • ||/,iv,s^i • L,iv} <P^'^)|jv^^. (4.17) 

By the properties of interpolation, we have Pa\j^^ > ^'^Imjv — PI^\mm' Combining this 
with (4.16) and (4.17) and the assumption i?i < 1 (see (*)) yields 

2max {||a;||/,jv, -RK||a;||g,jv} 

> Pb{x) > max {sr^lkll/.A^^ «K^lkllff,Af} 

for X e Mjv, and, using the notation (4.6) and the definitions of || • ||/,iv and || • \\g,N, we 
get 

2RkN^/^\\x\\^^^ > 2max{||a;||/,iv, RK\\x\\g,N} > Pb{x) 
>sr'|N|(^^'W)>,-i||^||(i) 
for all X e Mjv, by the choice of A^. Hence, 

diiMN,PB), (Mn, II • 11^'))) < 2s^RkN^'^. (4.18) 

On the other hand, by Lemma 4.2 and Remark 4.3, A((Mjv, || • H*^^-*)) > /2. So, by the 
remark (4.11) and the choice of K, 

X{iMN,PB))>s^^R:^^/4>m, 

which proves (4.15). 

By the Remark 4.4 it is now clear that Eb cannot be isomorphic to cq, since Eb 
contains 1-complemented subspaces, the absolute projection constants of which can be 
chosen arbitrarily large. □ 

4.7. Remark. The last conclusion in the proof of Proposition 4.6 even shows that 
the local distance of cq and Eb is not bounded. Hence, the counterexample given in 
Proposition 4.6. is much stronger than the trivial counterexample in the beginning of this 
section. 
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